Final Exam — Partial Differential Equations (WBMA008-05)
Monday 16 June 2025, 15.00-17.00h

University of Groningen

Instructions

1. The use of calculators is not allowed. It is allowed to use a “cheat sheet” with notes (one
sheet A4, both sides, handwritten, “wet ink™).

2. All answers need to be accompanied with an explanation or a calculation: only answering

(X3 2 <

yes”, “no”, or “1584” is not sufficient.

3. If p is the number of marks then the grade is G = 1+ p/10.

Problem 1 (10 + 5 + 5 = 20 points)

Consider the following nonuniform transport equation:

d d

a—? +x28—l; =0, u(0,x)=sin(mx).
(a) Compute all characteristic curves.

(b) Compute the value of the solution u at the point (z,x) = (1,1).

(c) Is the solution u at the point (7,x) = (1,—2) determined by the initial condition?

Problem 2 (12 + 8 = 20 points)

Consider the following damped wave equation:

2%u 2%u _z&u

ﬁ:“'ﬁ E; u(t,())zu(l‘,ﬂi)zo.

(a) Determine all real-valued nontrivial solutions of the form u(¢,x) = w(t) sin(kx) with k € N.

(b) Derive a solution formula for the above equation with initial values u(0,x) = f(x) and
u;(0,x) = g(x) in terms of an infinite series and give expressions for the coefficients.

Problem 3 (15 points)

Compute Green’s function for the following boundary value problem:
d d
- (xzd_Z) =f(x), u(l)=0, u(2)=0.

Please turn over for problems 4 and 5!
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Problem 4 (5 + 10 = 15 points)
Consider the following Laplace equation:

Pu Fu_y <x< >0

- 1 = —c0 < x < o0

axz ayz ) Y y Y

with the boundary condition u(x,0) = f(x).

(a) Show that ii(k,y) = f(k)e | is a solution of the Fourier transformed equation.

(b) Determine a function P,(x) such that the solution of the boundary value problem can be
written as u(x,y) = (P, * f)(x).

Problem 5 (5 + 15 = 20 points)

Consider Burgers’ equation with y > 0:

du  du _ Ju
or Yox T Vo

(a) Show that substituting a travelling wave ansatz u(t,x) = v(x — ct) leads to the ordinary

differential equation

W = %vz—cv—kk,

where k € R is an arbitrary constant.

(b) Assume y=c = % and k = 0. Compute the solution of the equation in part (a) that satisfies
v(0) = 1 and compute the corresponding solution u(t,x).

Please do not forget to complete the course evaluation!

End of test (90 points)
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Solution of problem 1 (10 + 5 + 5 = 20 points)

(a)

(b)

©

The characteristic curves 7 — (¢,x(¢)) are found by solving the following ordinary differential
equation:

dx 2

— =X

dt

(2 points)

Note that the curve 7 — (¢,0), i.e. the line x = 0, is a characteristic curve.
(2 points)

To find the remaining characteristic curves, we use separation of variables:

1 1 1
—dx:/dt = ——=t+k or x=——-.
x? x t+k
(6 points)
The point (¢,x) = (1, 1) lies on the characteristic curve given for k = —2.
(2 points)

This characteristic curve intersects the x-axis in the point (0, %)
(2 points)

Since the points (1,1) and (0, }) lie on the same characteristic curve and the solution  is
constant along such a curve, we have

u(1,1) =u(0,3) =sin(37) = 1.

(1 point)
The point (¢,x) = (1, —2) lies on the characteristic curve given for k = —1.
(2 points)
Note that the equation
1
i—1)2

actually specifies two distinct curves in the (¢,x)-plane, namely one branch for 7 > 1/2 and
another branch for # < 1/2. The branch that contains the point (1,—2) does not intersect the
x-axis. Therefore, the solution at the point (¢,x) = (1,—2) is not determined by the initial
condition.
(3 points)
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Solution of problem 2 (12 + 8 = 20 points)

(a) Substituting the ansatz u(t,x) = w(z) sin(kx) into the partial differential equation gives the
following ordinary differential equation:

w(t) = —4kPw(t) —2w'(t) <  w'(t)+2w (1) +4k>w(t) = 0.

(3 points)

Setting w(r) = e* gives the characteristic equation
A2 424 4k = 0.

(3 points)

Since the discriminant 4 — 16k is negative for all k € N, the roots are complex:

A=—-1+w,i where = V4k*—1.

(3 points)

Therefore, the non-trivial solutions for u are given by
u(t,x) = e 'cos(ayt)sin(kx) and u(t,x)=e "sin(wyt)sin(kx).

(3 points)

(b) By superposition we obtain the infinite series

u(t,x) =e" Y [arcos(axt) + bysin(wyt)] sin(kx).
k=1
The initial condition u(0,x) = f(x) implies

(o)

f(x) =Y agsin(kx)

k=1

which gives

ay = _/0 f(x) sin(kx) dx.

T
(4 points)

The initial condition u,(0,x) = g(x) implies

g(x) = i [—ak—i—bka)k] sin(kx)
k=1

which gives
ai 2 T .
by=—+— kx)dx.
e = o T e Jy 80 sin(ke)dx

(4 points)
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Solution of problem 3 (15 points)

First, solve the homogeneous equation:

d ( 2d_u>:0 = xzﬁ:a

axdx dx
L d_a
dx  x?
—p_ 2
= ul)=b-2

where a,b € R are arbitrary constants.
(5 points)

Note that:

e u(x) =1—1/xsatisfies the homogeneous equation and the condition u(1) =

e u(x) =1—2/x satisfies the homogeneous equation and the condition u(2) =

Therefore, our Green’s function is of the form

{a(l—l/x) ifx <&,

O =\ p1af) ifx>e.

(3 points)

Requiring that G is continuous at x = & implies that
1 2
o(1-¢)-o(1-3) -0
§ §

Requiring that dG/dx makes a jump of magnitude 1/p(&) = 1/E? implies

(2 points)

2b  a 1

&g g
(2 points)

Solving these equations gives

o fU—2e-1 s,
G<"’®‘{<1—1/5><1—2/x> x> ¢

(3 points)
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Solution of problem 4 (5 + 10 = 15 points)

(a)

(b)

Taking the Fourier transform with respect to the x variable gives
—K*a(k,y) + 1" (k,y) =0,

where the primes denote differentiation with respect to y.
(3 points)

Setting u(k,y) = f(k)e‘y I and differentiating with respect to y twice gives
@' (k,y) = (—[k|)* f(k)e M = ik, ),

which shows that the given function is indeed a solution.
(2 points)

From the table of Fourier transforms we obtain

_ 2 a
sl =2

(3 points)

The symmetry principle gives
T \/z a — o=kl _ p—alk|
7T x2+a?

By taking a = y and setting

(3 points)

part (a) gives that

o —

a(k,y) = V21 Py (k) (k) = (P, * f) (k)

and thus u(x,y) = (P, * f)(x).
(4 points)
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Solution of problem 5 (5 + 15 = 20 points)
(a) Substituting the travelling wave ansatz u(f,x) = v(x — ct) into Burgers’ equation gives

Z

—cv +w = Y.
(2 points)

Noting that v = (3v?)’ and integrating both sides gives

k—cv—i—%vzzyv',

where k € R is an arbitrary constant.
(3 points)
(b) Assuming that y=c = % and k = 0 gives

Vi =v2—v.
Separation of variables gives

/ dv—/dc‘j N /———dv—/daj

= loglv—1|—loglv| =& +56.

(4 points)
The solution that satisfies v(0) = % lies between the constant solutions v =0 and v = 1 and
we obtain
loglv—1|—loglv|=&4+8 = log(l—v)—log(v)=&E+3
1—
= log < v) =E+6
%
1 —
I A
%
= )= —
NS +e5+8°
(4 points)

In addition, the condition v(0) = 7 gives § = 0. Finally, we obtain

1

M(t,X) :V(X—t/Z) = m

(2 points)
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